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Tuesday, 21 May 2024

Warm-up: Re-write the ODE

ty' + 2y + sin(f) = 0
in the form y’ + y =




In standard form, a first-order linear ODE for y(?) is

y'+a()y = f0).

o We could write y(7), y'(?), etc., instead of just y, V.
Skipping some of the “()”s just makes the equation easier to read.

o We can use other letters: x' + a(t) x = b(t) is a linear ODE for x(7).
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There are four tools we can (sometimes) use to solve first-order linear IVPs.

@ variation of parameters

s Laplace transforms y’ _|_ a(l‘) y — f(t)
o Integrating factor

e (coming soon)

The solution to y' + a(f) y = O is always y = Ce ™, where A’ = a.

Assume y = g(f)e 2" and plug this into the ODE. Find g’, then g, then .

Examgi&: :3, ty= o a=1—-Az=t so assume y = q(k) - et
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~irst-o T'd er Linear

There are four tools we can (sometimes) use to solve first-order linear IVPs.

e Vvariation of parameters

@ Laplace transforms y, —|— a(t) y — f(t)

o Integrating factor
e (coming soon)

Laplace transforms change an IVP into an algebra problem (no analysis needed
after that!). We use a table of common f(¢) «— F(s).

(Y-8)+Y = %

| algebra
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Exam[aie: 'j/ ry= E, .j((}) oy g b SR




Laplace transforms change, for example,
y' + 12y = sin(5¢), y(0) = 3
Into
(sY —3) + 127V = —2

52+ 25
very nicely. But some tasks don’t work as well.

o An ODE without an initial condition needs y(0) = C,
which makes partial fractions much harder.

o |Initial condition with t #= O will require a trick called “shifting”.

Whein (y\g}%) to use La F’i.&&

Time Frequency
o B
sin(k?) v ’j =
cos(kt) - j_ B
" g
] () sF(s) - f(0)
t- f(1) F7(s)
e - f(1) F(s —a)

o Non-constant coefficients: & [a(t) - y(t)] is known only for some a(t).
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There are four tools we can (sometimes) use to solve first-order linear ODEs.

s Vvariation of parameters

> Laplace transforms y, —+ Cl(t) y = f(t)

@ integrating factor
» (coming soon)

The idea of an integrating factor is to multiply the entire ODE by some
unknown function to make it nicer. We call this function M(?)—in some

books, 1(#)—and we will see what properties of M(#) will be helpful to
change the equation into one we can solve.



Example: Solve y’' + y = f using an integrating factor.

First step: M(E)*fj’(&) +- M(ﬁ)*v(&) = M{E) -k



~irsk-order Linear

There are four tools we can (sometimes) use to solve first-order linear ODEs.

s Vvariation of parameters

o Laplace transforms y, —+ Cl(t) y — f(t)

o Integrating factor
@ big formula

Big formula: The general solution to y'+ a(f) y = f(¢) is always

y = (JeA(tbC(t)dt) e~ A0

| where A'(r) = a(1).




y' +a(®)y = f(1)

!

Example: Solve y' 4+ y = t using the big formula.

y = (JeA(tb”(t)dt> e A0

where A'(t) = a(r)




~irsk-order Linear

There are four tools we can (sometimes) use to solve first-order linear ODEs.

s Vvariation of parameters

o F_aplace transforms y’ _|_ a(l‘) y — f(l‘)

@ integrating factor
@ big formula

Big formula: The general solution to y'+ a(?) y = f(¢) is always

y = Ml( 3 JM(t)f(t) dz

| where A'(t) = a(¢) and M(¢) = e,




Task: Solve x’ + 10x = 5¢”, x(0) = 2.
We could use...

o Laplace Eransforms

o inteqrating factor

o variation of parameters

o big formula

ALl methods except Laplace will first give us the general
solution x = ... + C... ahd then we'll use x(0) =2 to qget C.



Task: Solve x’ + 10x = 5¢”, x(0) = 2.
We could use...
o Laplace Eransforms

(X -2+ X = & [5@3&] , solve that for X, then

Time Frequency
|
k
i s—k
1@ | sk(s)-f(0)

use partial fractions and the table to find x = Z7[X].

o inteqrating factor
Mx' + 10Mx = § Mest

Left side will be Mx’+M'x = (Mx) f W' =10M = M=ellt,

o variation of parameters

x'+10x =0 would give x=C e 10, so assume x =q(k) e-10t,
ODE is now (ge-10t) + 10(ge-10t) = Sest, - Product Rule!

o big formula
To use bhis you have to wmemworize it.




Harder:
o x4+ 10x =505+ 7 x(0) T Solubkion: x = 51 — t+% + %e‘lor
o This will need integration by parts for non-Laplace methods.

o x'+ 10x = 13 sin(2¢), x(0) = 2. Soln: x = 2 sin(2)— cos(2f)+—e 1"

o This will need integration by parts OR a quadratic denominator (linear
numerator) for partial fractions.

T [ ; / S5e! 3
e derx(l)y=2" Solution: x = Se 5 s

o Needs integration by parts. (Laplace is very difficult here.)



G,

Laplace transforms

The Laplace transform of a function f(¢) is a new function F'(s) determined
by the definition below. Notice that the variable changed from 7 to s.

People sometimes say that formulas with 7 are in the “time domain” and
formulas with s are in the “frequency domain”.

a |n practice, we can just use a table of common Laplace transforms,
but where does this table come from?

M
o Definition: fZ[f(t)] = lim { f(tH)e *'dt

M— o0 0



Calculate the Laplace transforms of

g() = e
using the definition Sf[f(t)] = J f(He™'dr.
0
e'e’ e'e’
S PP
? o 208 1 1
= — elE9 =20 - — e0 = —
B3 4] B8 5=

E:f 573 we cal think O‘f e*9% as e or 0,

Tethmiaauv Ehis is ';%E,m e(3-N
— X



Laplace transforms

Common functions

% Sik
T e
cos(kt) o i P

g o

| :

Properties
J(t) + 8(1) F(s) + G(s)
¢ J¥) c F(s)
£ A1) F(s)
ekt - fl1) F(s—k)
] () s F(s) — A(0)

These tables assume a, b, n are constants.
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Fory' 4+ a(t) y = f(¥), let A(7) be any anti-derivative of a(?).
> Big formula: y = (feA(t)f(t) dt)e_A(t).

o Integrating factor: Multiply the ODE by M(#), then force the left-hand side
to look like the Product Rule. (This will always lead to M(t) = ")

° Variation of parameters: Assume y(¢) = g(t)e ™. Plug this into the
ODE (using the Product Rule) and get formulas for g’, then g, and finally y.

o Laplace transforms: Take the Laplace transform of the whole IVP. This will
be an equation involving Y = Y(s). Use basic algebra to solve for Y, then
write ¥ as a sum of partial fractions, then use the inverse Laplace transform
to get from Y(s) back to y(?).



\focabutarv

Partial differential equation or PDE Direct

Ordinary differential equation or ODE Autonomous

Initial value problem or IVP Separable

Initial condition or IC or initial value Linear

Order Homogeneous (linear)
Explicit solution Constant coefficients (linear)
Implicit solution Laplace transform

Particular solution or specific solution Fundamental solution set

General solution
Characteristic equation



cond-o rd er Line

In standard form, a first-order linear ODE for y(?) is

a(?)y'+ b(t)y = g(1).
In standard form, a second-order linear ODE for y(?) is

Gy +b0)y T =

:‘vui'\ -
. 3
: D) ':\
o
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ceﬁi&i&%s non-homogeneous term



Seco Md -oT d AN Line

In standard form, a first-order linear ODE for y(?) is

a()y'+ b(t)y = g(1).
In standard form, a second-order linear ODE for y(?) is

a()y”+b@)y + c()y = f(0).

o If f(f) = O (constant zero function), the ODE is homogeneous.
o If f(¥) # 0, the ODE is non-homogeneous.

o 10 solve a non-hom. ODE, we will first think about the hom. version.
o Very often we will look at ODEs with constant coefficients:

ay'+by +cy=f1t)



Consider the homogeneous linear ODE

£y = 3ty" + 4ty — 4y = 0.
Given' that y = t* and y = t are both solutions, ...
° |sy = 8¢*a solution?

° Isy=1+ t* a solution?
° Isy = t’ a solution?

° Isy =2390¢’ a solution?

1. You would not be expected to find this yourself. When we solve higher-order ODESs in this
class, they will almost always have constant coefficients.



