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Tuesday, 11 June 2024

Task (not fast): Find the partial fraction

2s% — 13s + 36

decomposition of — .
(s —5)2(s + 2)




For any nth order homogeneous linear ODE for y(¢), the general solution
always looks like

y=C1 +C2 +"'+Cn
o The only issue is finding the “fundamental solutions” to put in those blanks.

o If the ODE has constant coefficients, like
ay”" + by’ + cy =0,
then the roots of the characteristic polynomial
ar’+br+c=0
will tell us what functions to use.
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Fact: For a second-order linear homogeneous ODE with constant coefficients, Gb{;.,,
there are only three possibilities for the general solution:

o Distinct real roots a, — C,e™ + Czeﬁt
o Complex roots A £ ui — Cle’“sin(,ut) + Cze’ucos(,ut)
o Repeated real root A — Cle’” + Czte’“

Example: Solve x” + 14x"+ 49x = 0.
i+ lagr + 49 =0
(r + 72 =0 U N M O
repeated root (mulk. 2) » x(b) = ¢ |
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Fact: If yny IS one particular solution to a non-homogeneous linear
ODE, then the general solution to that ODE is

— YNH T YHom?
where yy,, IS the general solution to the corresponding

| homogeneous equation.

This leaves a problem, though: in order to find the solution to the non-hom.
equation, we need to already know a solution to the non-hom. equation!

How can we find yyy? Answer: “Guess” based on the function in the ODE.



To solve ay” + by’ + cy = f(t), we guess the format of yy(#) from f(?).

Non-homo gqeneous Line

f VNH

a ek A ek
a sin(kt) A sin(kt) + B cos(kt)
a cos(kt) A sin(kt) + B cos(kt)
atr At Ytz

AT

I is known from £(b).

* This assumes there
IS NO “resonance”.



Solve X"+ 2x"— 3x = 5cos(?), x(0) =1, x'(0) =
o Option 1: Find general soln. x (from last time: xy,.,, + Xny), then C; and C,.
o Option 2: Laplace (£), then lots of algebra, then i

Char. potvm r2+ 2y - 3 equ,ats 0 when r=1 or r =2 -3,
SO K Honwa = L., 1 & -3t + L,. 2

|

!:‘rcwm Scost, we how xuy = Acos(t) + Bsin(l) for some AB.
VTS Zx n = 3xwn = Scos(t) - Az=-1and B=1,

S0 X = (.1¢ b - ﬂOS(ﬁ) ek —SLM(&) solves the ODE.

-3t Coe

@os&) + Esm(&) solves Ehe IV?P.

SO |X ' -3t e ‘I, o



Solve x” + 2x’ — 3x = 5cos(?), x(0) = 1, x'(0) =
s Option 1: Find general soln. x (from last time: xy,.,, + Xny), then C; and C,.

o Option 2: Laplace (£), then lots of algebra, then i

Char. po iij. TR+ 2r -3 QQMQLS 0 when r=1 or r = -3,

SO
Solve system of 2 linear equations for A and B.

From Scost, we khow for some A,B.
wuh + 2x'\H = BXwH = S ﬁQS(ﬁ) ) A& and B = % 2
8O X = solves the (ODE.

Satvesvs&em of 2 Lmear eqi for C4 ow\ci Ca.

x(0)=1 and x(0)=0 @ Ci=2 and Ca =4,
80 % = _e“»@& + 1 e& - O 5(&) + —S :,M,(&) solves IVP.




Time Frequency

Solve x” + 2x" — 3x = Scos(¢), x(0) =1, x'(0) = ¥ i)

e Option 1: Find x = Xy, + XNy then C; and G,

a / (s2+a?)
o Option 2: Laplace (£), then lots of algebra, then e s/ (s2+a?)
Using £ = x, we qebt LTx] = s X = x(0). s F(s) - £(0)

Ustng § = x/, we gqet FTx"] = 52X - s x(0) - x'(0

Solve svs&em wikth
4 EQUATIONS and
4 UNKNOWNS for
partial fractions.

s e Y



Solve 2y" — 6y’ — 20y — 42¢> =0, y(0) =2, y'(0) = 3.
o Option 1: Find general soln. y = yy. + Ynp, then C; and C,.
o Option 2: Laplace (£), then lots of algebra, then e

Before doing either method, it’s qood to re-write
the ODE in standard form:

y" - 3y’ - 10y = 2lest

Now it’s clear that this is non-homoqgeneous.

10 4
Answer: 76_2t + 7€5t -+ 3t65t



Undamped (pure)
oscnlator

g ] «ﬁos(ﬂ@%) + Co SEM(.@%) \/ \/ \

x"F 2D =0 Damped oscnlator

r=-127 |
x = et cos(7E) /\\/\/\VA_,
+ = et sin(76) d llllllllllllllllllllll

7



examples

~non~resonant hamsker

X"+ 9x = 4 sin(5¢1)

~resonant hamsker

x" 4+ 9x = 4 sin(31)




A linear ODE has resonance if the frequency of the non-homogeneous term
matches the frequency of the homogeneous solution.

When this happens, we must multiply the formula we would
have used for yyyy DY 7.
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To solve ay” + by’ + cy = f(t), we guess the format of yy(#) from f(?).

f ¥NH (no resonance) yNH With resonance
a el A e At ekt
a sin(kt) :
- A sin(kt) + B cos(kt) At sin(kt) + B ¢ cos(kt)
a cos(kt)
atk+ .- Atk + - + Yt + 7 (1m]

If the characteristic polynomial for yy, - has (¥ — k)* and f = ae™, then use e T
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There is one final kind of differential equation for this class. Example:
xo="fx— Dy,
y' = 10x — 8y.

The solution to this is two functions, x(7) and y(7). Since this is an ODE, the
functions will (both) have C; and (.

This kind of system can be solved
o by “eliminating x” to create a second-order ODE for y(?), or

o by “eliminating y” to create a second-order ODE for x(¢), or
o Dby using eigenvalues and eigenvectors (but | will not show this method).



x' = 4x + 3y

by eliminating x.
y' =2x+ 9y 4

Example: Solve {

Croal: :j” + mv' + .y = 0.

We can easily solve this for v,
Then the second egn will give us x.



= le: Sol x,=4x+3yb liminati
xample: Solve eliminating x.
P Ly =2x+9y 4 3

17 /

= 2x’ + ‘:)v
"z 2(4x + 3y) + 9y
”z%’x*’-ﬁv*%v’
44 4
:4(zx)+ev+9j
"z 4(y - 99) * &y + %Y @ no x!
= 44’ - 36y + &y + Y’
4 v 4 , v j v
: 133 - 303
Finally, move everything to one side:
" y # , ¢ - g - .
v i 13‘3 +- 303 - 0 =D j e L,lé_ag& 1 (,,ZQ:LQE

17
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x'=4x+ 3
Example: Solve § 4
y = 2x + 9y.
1 Lo~
o | x=-3Ce"+ ECZelot o | x=5Cie 0 _ 3C,e"
y =Gt C e Vi Che Ve Coo!
o | x=-3Ce”"+ C,e'" o | gl e — 3Ce™
y CleBt 4 ZCZeIOt Y zclel()t 4 C263t

x =Cielfi+ Ce r=ie o Coe

y = _TlCleBt + 205 y = 2Ce!% — %Cze%

Each of these PAIRS is a correct answer to the task!



==l — 5)’, x(0) = 972, e L/ (s-a)

Example 2: Solve { :
y' = 10x — 38y, y(0) =5. £ | sFGs)-f(0)

Since this is an VP, we are looking for two specific functions.

o Options 1-2: Solve* ODE to get x(?), y(¢) with constants. Then find C;, C,.
o Option 3: Laplace. * could be by eliminating x, or by eliminating y

Using ZIx'] = sX - x(0), the Laplace transform of
the entire first equation X = 7x - Sy is
sX - 9/2, = ?X -,

Th Laplace transform of 3’ = 1lox - ¥y is
sY - § = 10X - ¥,



Time | Frequency

ee= e — By, o R0 t
Example: Solve ; e 1/ (s-a)
y' = 10x — 3y, y(0) =5. £ | sF@s) - f(0)
sX - % aW-8F 0, (7=s)X =6y = %
sY - & = 10X - &Y 10X - (s+¥)Y = -8

Solve this system for X and Y. I used “Cramer’s rule”, but you can
use other methods. Then do partial fraction decompostition.




first order higher order linear ODE,
separable ODE constant coefficients,

e separation of variables homogeneous
e characteristic polynomial

any linear ODE

* If given a set of
fundamental solutions

* non-hom: if given yxn

first order higher order linear ODE,
linear ODE cc., non-homogeneous

o direct formula e find ynom (DY char. polyn.),

system of 2 first order

or Integrating factor then find ynu (by guess) cc. hom. linear ODEs

or variation of param.

e order 2 by elimination




IVP summary

first order higher order linear IVP, any IVP
constant coefficients,
homogeneous

e characteristic polynomial,

separable IVP

_ _ ~ If given the general
e separation of variables,

solution
then find C

then find C; and

or Laplace transforms any linear IVP

* If given a set of
fundamental solutions

f!rst order higher order linear IVP, * non-hom: if given yxn
linear IVP cc., hon-homogeneous

o direct formula, then C e find yuom (by char. polyn.),

on integrating factor, C then find ynu (by guess), cc. hom. linear IVPs
or variation of param., C then find C; and

or Laplace (only if cc.) or Laplace transforms

system of 2 first order

e order 2 by elim., then Cs
or Laplace transforms




