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Warm-up: calculate the first partial




Derivakives

For a function with multiple inputs we can change x or change y (or both at
once—more on that later), so we have multiple ways to take derivatives.

The partial derivative of f(x,y) with respect to x can be written as any of

of
]gc,(x > Y ) ]gc, 1), xf axf a_
X

and is what you get if you think of every letter other than x as a constant. Like with
1'(x) and f'(a) from An. 1, we also have the partial derivative of f with respect
to x at the point (a, b), which is a single number; we write this as f(a, b).

There is also a partial derivative with respect to y (and to z if there are 3 inputs).



Derivakives

Example: for f(x,y) = y2 sin(x) the partial derivatives are

o f(x,y) = y2 COS(X) and o fy'(xa y) = 2y sin(x). Quiz 1
These are similar to the Analysis 1 derivatives \ can
; [172 sm(x)] = 17 cos(x) and —[t sm(4)] = 2t s1n(4). kot&\f's
79 L
There is also the gradient, which is the vector V= (f))1 + (fy)] A aind
i cos(x)] ;’ F’O\H‘t
¢ For ['=0% 2 sin(x) we have Vix,y) = [2y in(x) EMEQST‘& b

We can also plug in specific points mstead of (x, y) variables.

o £1(3,0) = s f1(3,0) = s Vf(3,0) = [9]



Suppose f(x, y) describes the temperature at different positions.
If you stand at (a, b), you have the temperature f(a, b).

\
o If you move east (right), your temperature p%?;tgé
changes at the rate f.(a, b).
s If you move west (left), your temperature NW NE
changes at rate —f,(a, b).
o |f you move north (up), your temperature W =
/ west east
changes at rate f,(a, b). B e
s |f you move south (down), your temperature
: SW SE
changes at rate —f,(a, D).
=
south
potudnie

o What if you move northeast? Or south-southwest?



Liear a p Frmx&ma& LOWn

Analysis 1: If you know that f(7) = 13.8 and f'(7) = 0.5,

o What is a good guess for /('/.1)? How confident are you of this guess?
o What is a good guess for /('7.01)? How confident are you of this guess?
o What is a good guess for f(8)? How confident are you of this guess?

o What is a good guess for f( 1 1)? How confident are you of this guess?

Even though we actually want very small Ax, the value of f" is “the change
in f per unit change in x” (meaning it's Ay for the case Ax = 1).



Direckional derivakive

The length of the vector Vv = [v;, »,]is ¥ =4/vi + V3.

A vector is is a unit vector if its length is 1.

Some people write a hat ~ instead of an arrow ~ above unit vectors.

The of f(x, y) at the point (a, b) in the
direction of the unit vector v = [v,,,] is a number

o written f/(a, b),
o Sspoken “the derivative of F in the direction U”,
o equal to uy f(a,D) + u, f(a, b), but it is better to write this using vectors!



Directional derivative

The of f in the direction of the unit vector il is

fi=1-Vf

This formula only works when i is a unit vector (length 1)!
‘—}’

> For the direction of any vector v, use ii =

<l
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SAMPLE QUIZ

Basic algebra

You can use this to see how ePortal's online tasks
work. This does not affect grades at all. This quiz
contains several tasks (the real extra point quizzes will
be one or two tasks). You can attempt this quiz multiple
times (but the real guizzes only once). . (a) Solve y = sin(z) for y. (b) Solve In(y) = sin(z) for ¥.

. Find the two values of r for which r* — 2r — 15 = (.

. Find the two (complex) values of r for which 7* — 2r 4+ 15 = 0.

. Solve In(z) — 3 = Tt for z.

Quiz points

\ - - - = -~

A

(e) is it possible that . -
Quiz 1 extra point (f)

is it possible that

Quiz 1 topics: path integrals; calculating partial (g) IS 1t pOSSibl(‘, that
derivatives and gradients. any previous topics |
If |u| =1 and |w| = 7, describe ALL possible values that u - w could have.

Quiz 2 extra point 21. If |ul =land n = [_43]’

| 7 1 p 391 7 ) o'r
Quiz 2 topics: applying partial derivatives and gradients (ﬂ) what is the lax g(‘St pO.Shll)](‘, value that u - n could have’
to solve tasks (e.g., local min and max); any previous (b) give an example of a vector u such that u - n has the value from part (a).

topics . - —
(¢) give an example of a vector w such that u-n = 0.

Write — ot 0 et f partial fracti
Quiz 3 extra point . Write = as a sum of partial fractions.
i ra po 12 — Hr + 8 (:L‘—'Z)(LL‘—L’l) ;

That is, ind A and B such that

or + 6 B A " B
2—6x+8 zz—-2 z-4

Quiz 3 topics: double-integrals; any previous topics

Write = —0 as a sum of partial fractions.
(x — 2)(z + 6)

Writ g £ partial fracti
riLe - ~ as a SuIIl o alrtlal 1ITactuloIls.
78 + 922 + 182 P

Calendar




Dok Frmdu&

If 4 has length 1 and W has length 3, what can u - W possibly be?

Answer: any value at 4
bemé@m -3 and 3. u-w= u w cos(0)
W L’\j ? M*M = 5 &QSQ9> «

= 3.000 = 2.041 = 0.000 -3.000 -1.302




Vf = [fi. )]
Task 1: Calculate the derivative of x* + 3y2 at the fr=1i-Vf
. . S \Ju

point (4,1) in the direction of [—9, 9]. '

Task 2: What is the largest possible value of f »(4,1) for f(x,y) = x5 A if
you can choose any direction i4?

Task 3: In what direction is f ~(4,1) the largest for f(x, y) = X% 4 3y°7
(This is the “direction of steepest ascent”.)



B eY EV&& EV e S

For f(x, y) we have

o partial derivative with respect to x,
e partial derivative with respect to v,
e Qradient,

o directional derivative.

These can be computed at a single point or thought of as a new function
of x and y (but for f » we will only look at one point at a time)._

What can we use these derivatives for?



Critical Fmiv&s

Analysis 1:
o A critical point (or CP) of f(x) is an x-value where f" is zero or undefined.
o Critical points are often—but not always—Ilocations of local extrema.

e Min or max? The First Derivative Test uses the sign of f” to the left and right
of a CP. The Second Derivative Test uses the sign of f” at the CP exactly.

Analysis 2:
o A critical point of f(x, y) is a point (x, y) where V/ is zero or undefined.
° Note 0is 07 + 0, so “Vf = 0” means f,(x, y) = 0 AND £,(x, y) = 0.

o We have to solve a system of equations to find the CP of f(x, y)!
o The Second Derivative Test uses



Critical pc}m&s

The definition “where Vf = 0 or is undefined” for critical point works not only
for f(x, y) but also for f(x, vy, z), in which case

f)‘é
the gradient vectoris V[ = fy' and the zero vector is 0 =

](Z

O SORED

We can do the same for f(x;, X,, ..., X;00), but of course | will never ask you to
deal with such functions by hand.



Example: Find the critical points of f(x, y) = x° + x*y — y.



cond derivatives

There are at least four kinds of “first derivatives” for f(x, y):

S
H v ‘:\
o

TR

o partial derivative with respect to x,
e partial derivative with respect to v,
e Qradient,

o directional derivative.

There are several kinds of second derivatives for f(x, y) also.



cond derivatives

There are several kinds of second derivatives for f(x, y):

S
H v ‘:\
o

TR

@ second partial derivative with respect to x

of]. L
Jioe = (F)x = ,
ox|ox | ox2
@ second partial derivative with respect to y
0 | of 0°f
f = (f ) o = AR
aylay] oy

o mMmixed partial derivatives,
o Hessian.



cond derivatives

There are several kinds of second derivatives for f(x, y):

S
H v ‘:\
o

TR

@ second partial derivative with respect to x
@ second partial derivative with respect to y
o mMmixed partial derivatives,

ARG
fry = Uy = 0y l@xl 0yox
and

i N AN AL i a_f e azf
fyx & (fy)x  ox layl i 6xay’

o Hessian.



There are several kinds of second derivatives for f(x, y):

D

D

o

second partial derivative with respect to x
second partial derivative with respect to y

mixed partial derivatives
Hessian

Jor Ty
Jyx Iy

This is a makrix (similar to how Vf is a vector).

Hf =

We only actually have to calculate 3 of the 4 entries
because bhe mixed par&at derivakives are @.qu,ah



Example: Calculate all four second derivatives for f(x, y) = ye“**.

D

Symmetry of second derivatives
If the second derivatives of f(x, y) are continuous, then

1= Fy




Example: Calculate Vf(—4, 1) and Hf(—4, 1) for f(x, y) = ye>*®.



cond Derivative Tesk

1. To find the critical points of f(x, y): solve Vf = 0 or undefined.

L~ .’ Y
: ‘."‘:\
o

30 1

To classify the critical points:
2. Compute at each CP

3. |If > () then the CP is a LOCAL MIN.
If < () then the CP is a LOCAL MAX.

L\ | B

o

N

local min local max saddle



cond Derivative Tesk

1. To find the critical points of f(x, y): solve Vf = 0 or undefined.

) .’ PN
: ‘.”—:
"

TR

To classify the critical points:
2. Compute at each CP.

3. |If anc > () then the CP is a LOCAL MIN.
If anc /. < 0 then the CPis a LOCAL MAX.

You can check $£, instead (it will

».

have the same siqn as +% I deb>0
N,

If det(Hf) = O then the test doesn’t tell us what kind of CP this is.



cond Derivative Tesk

1. To find the critical points of f(x, y): solve Vf = 0 or undefined.

L~ .’ Y
: ‘."‘:\
o

30 1

To classity the critical points:
2. Compute /.., /.., /.., /.. ateach CP.

3. |If anc > () then the CP is a LOCAL MIN.
If anc /. < 0 then the CP is a LOCAL MAX.

You can check §£, instead (it will
have the same siqn as £% f deb>0).

If fexfyy— (];’;)2 = 0 then the test doesn't tell us what kind of CP this is.



Example 1: Find and classify the critical points of x° — 3xy + 8y°.



Task 2: Find and classify the critical points of A T 8y2 e xyz.

C? B "f”xx Ejf?e




