Amalfjsi;s 2

23 April 2024

Warm-up: Give the derivative of

\/ + 6x+ 12.




Derivative formulas

f()C) f’(x) Constant MUltIple (Cf)/ e Cf,

Sum Rule: (f+8)'=/"+&

XP o
Product Rule:
sin(x) cos(x) (oY = fo' + f'e
cos(x) —s1n(x) — 2in Rule: E
e (later) (f(g))’ =f’(g) , g/
In(x) (later)
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From the Power Rule and algebra, — \/)_c = |
dx oNE
1

d
The Chain Rule then tells us that — [ stuffl . . stuff’.

dx 24/ stuff
Warmup:
|
— \/x2+6x+ 12| =——— - (2x + 6)
dx 20/ x%2 + 6x + 12
x+3

( x*+6x+ 1 )’=

\V/x2+x+ 8



To find the local min/max of f(x),
1. Find the CPs of f.

2. Compute signs of f' somewhere in between each critical point, and at
one point with x < all critical points, and at one point with x > all CPs.

3. The First Derivative Test

o If f"> O justtothe leftof x = c and f' < O just to the right of x = c,
then f has a local maximum at x = c.

o Iff" < Ojusttothe left of x = candf’ > 0 justto the right of x = c,
then f has a local minimum at x = c.

o If f" has the same sign on both sides of x = ¢, then f has neither a
local minimum nor local maximum at x = c.



Task 1: Find and classifty* the critical point(s) of

f(x) =Vx>+6x+ 12,

p 4 =
v NN
3
- e
- AW
LN TR SRS o e . s S ey e S ppm S prIIeTeIeeR P O P el AP RS AN A A QP TES AAA A AL ISR T - SRS RO AN A S e Ty B O PSR

ﬂf £ tmg:ai x

it

£ -1/2 O 1/2

* Determine whether it i1s a local minimum, local maximum, or neither.



Task 2: Given that x = = is a critical point of

f(x) = x6—%x5—%x4 + 15x° + 18x% — 54x + 5,

classify it as a local minimum, local maximum, or neither.

£(1) < 0 and £'(2) » 0, so you might think x = 1.5 is a min.

Bubk i order to use bthe First Derivative Tesk we need to look
ab x-values i bebween crikical points. In fact, £(x) has

another critical F’OEM& ak \/E % 1414, so the 1t DT, would
require us to look abk an x=value in bebween \/E and 1.50.

%’(1‘42) > 0 and “f’(laﬁ) < - x=1.8 is a Llocal max.



Task 2: Given that x = = is a critical point of

) x6—%x5—%x4 + 15x° + 18x% — 54x + 5,

classify it as a local minimum, local maximum, or neither.

@ - ewox abk x =2 3/2 =2 158
~25.125 | =
| local min _
-25.130F ok X = \/E -
: el :
-25.135 | ~ lal .
- local main
-25.140:- N ﬁ _:
-25.145; ~ 172
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1.4 1.5 1.6 1.7 1.8



Finding Local extremes

There are some problems with using the First Derivative Test to learn what
Kind of critical point x = c is.

o Practical: we need to know all the CP of f in some interval in order to be
sure we do not “skip over” any when calculating f” at points.

o Philosophical: we are looking for a local property, so why are we doing
anything at points with x # ¢?



If g(x) is negative for x < 6 and g(x) is positive for x > 6 then...
o Could 2'(6) be positive?

o Could 2'(6) be negative?

o Could 2'(6) be zero?




Find EMS Local exkremes

In the graphs below, f(x) has a local minimum:;:
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To find the local min/max of f(x),

1. Find the critical points of f.

2. Compute (the signs of) the values of f” at each CP.

3. The Second Derivative Test
o Iff'(c) =0andf"(c) > 0then f has alocal minimumatx = c. *

o If f'(c) =0andf"(c) < 0then fhas alocal maximum at x = c.
(The test does not help if f(c) = 0.)
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To find the local min/max of f(x),

1. Find the critical points of f.

2. Compute signs of f' somewhere in each interval.

‘ 3. The First Derivative Test
or
Z 2. Compute signs of /" at each CP.

‘ 3. The Second Derivative Test



Task: Find the critical points of

flx) = 2x3 — Sx? = 135x + 22

and classify each one as a local minimum or local maximum.

Answer: X = ~4.8 s a local mwmax
X = & 8 a Llocal minn



COM&&VEEj

These two functions are both increasing:

They both have f'(x) > 0, but clearly their behavior is different.



COM&&VEEj

There are several official definition for “concave up” and “concave down”.
We will just use pictures.

-
COP\ /) \_ o
also called “convex”
or ‘convex dowin”

If f”(x) > O then fis concave up.
If f”(x) < O then fis concave down.

Image source: https://www.mathsisfun.com
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There are several official definition for “concave up” and “concave down”.

We will just use pictures.
o oo Sy, 12

concave w
also called “convex”
or “convex down”

If f”(x) > O then fis concave up.

If f”(x) < O then fis concave down.
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Definition: an inflection point is a point where the concavity changes.

These two

An inflection point « T
might also be a inflection
critical F?QEM%, but ik points buk

does not have ko be. otk eritical

Po-i;m%s.




Monotonicity

o Iff" > O then f is “increasing”,

o Iff’ < Othenf is “decreasing”.

o An x-value* where f' is zero or doesn'’t exist is a “critical point”.

Concavity
o If f” > 0then f is “concave up”, ~_
o If f” < Othen f is “concave down”.

o An x-value* where " changes sign is an “inflection point”
(we will see examples next week).

* The x-value must to be in the domain of 7.



