Analysis 1, Summer 2023
List 8

Definite and indefinite integrals, substitution

An indefinite integral describes all the anti-derivatives of a function. We write

/f(x)dx—F(x)—l—C,

where F'(x) is any function for which F'(z) = f(z).

191. Find/(2x5 + 3z —9)dr = %xG + ggﬂ —9z+C

192. Find/(2u5 +3u—9)du = éuﬁ + gqf —9u+C

193. Give each of the following indefinite integrals using basic derivative knowledge:
(a) /x372‘5 dr — ﬁx%&ﬁ LC

() [ do =[l@) + €
o feu-

1
d Tdr = *
( )/97 x ln(97)97 +C

(e) /— sin(z) dz =|cos(x) + C

(f) /Sin(x) dr =|—cos(z) + C

(2) /Cos(x) dz =|sin(z) + C

(h) / 5¢0dt =[5t 4+ C

194. If u = 622 — 5, give a formula for du (this formula will have z and dz in it) and
a formula for dz (this formula will have x and du in it).

du = 12zdz|and | dx = d_u
12x

r=b b
The notation g(a:)’ or g(:v)‘ means to do the subtraction g(b) — g(a).
r=a a

r=3 B 26

z=1

195. Calculate %x?’

196. Calculate (2° + Lx)




197. Calculate 1-
eﬁ?

b
The definite integral / f(x) dx, spoken as “the integral from a to b of f(x) with

respect to x”, is the (signed) area of the region with = a on the left, x = b on
the right, y = 0 at the bottom, and y = f(x) at the top (but if f(z) < 0 for some
x or if b < a then it’s possible for the area to be negative).

The Fundamental Theorem of Calculus says that

r=b

/ f@)de = F(z)] = F(b) - Fla).

where F'(x) is any function for which F'(z) = f(z).

r=a

3
198. Calculate / 2 dzx using the FTC. This is exactly Task 195. Answer: | —
1

199. Write, in symbols, the integral from zero to six of 2% with respect to x, then

6
find the value of that definite integral. / z?dz =72
0

200. Evaluate (meaning find of the value of) the following definite integrals using
common area formulas.

(a)/392dx:
(b)/:—de:

5
2

(c)/ rdr = %
] )

4
(@ [ |2 de =

—2

(e)/4xdx:@

—2

5
(f)/ 3rxdr = »
0 2

0 [[sete -5
(h)/4 V16 — 22dx = 87|

7
4
(1)/ V49 — 22 dx = Z97r
0

201. Match the shapes (a)-(d) with the integral (I)-(IV) that is most likely to calculate
its area.



202.

203.

204.

(a) A (b) A ﬁ a-11, b1V, c-I11, d-1
1)/01\/5@; (H)/ledx (IH)/O 22 da /0 Lde
Find/o1 Vo dz.

Evaluate the following definite integrals using the FTC. Your answer for each
should be a number.

9 =9
(a)/ 2dz =2z =18 — (—6) = [24]
-3 r=-—3
5 =5 ‘
(b)/1 sede = 40 =% - §=[50]
12 4 (e=12
(C)/ - dz = In(z) = In(12) — In(0) =|In(12)
1 =1
? = 5103
(d)/ (2° — 9z)da = (32t — 92?)| =3B _(= o
0 =0

t=m

(e) /07T sin(t) dt = (— cos(t))

t=0
=8

(f) /:3 Vudu = 2252 = 322 — 4v/2 = | 28V/2
® [ (e a)ir =| 1

f B

0 | =

0 [ snetyar =[o]

) [ costeaz =[5

Evaluate the following definite integrals using the FTC. Your answers will be
formulas.

(a)/a92dx:2x i
(c)/ltldx = In(z)

T

=5

- -t -

r=1

=9 5
~[5-2] () kedo =4
1

x=t1

In(t)

r=1

@ [ - g = -




4 6 6
205. If/ flz)dz =12 and/ f(z)dz = 15, what is the value of T :/ f(z)dz?
1 1 4
6 4 6
/ f(x)dz :/ f(x)dz + [ f(x)dz, so 124 I = 14, and thus T = [3].
1 1 4

1 1
206. If | f(x)dx =7 and / g(x)dx = 3, calculate each of the following or say that
0 0

there is not enough information to possibly do the calculation.

@ [ (1) + ) =

o) [ (70 - gtw)) s =

(c) /0 1 (f(z) - g(x)) dz |not enough info
(d) /01 (5f(x)) dz =

(e)/O (f(x)°) da ’not enough info

d/['1 1
207. Simplify T < / - dx> to a formula that does not include x (assume ¢t > 1). E
Lz

d [ [!si int
208. Simplify T < / M d:z:> to a formula that does not include z (assume 31711
3 T

d{ [ d ([
209. Simplify T (/0 sin(z) d:r;) and T (/0 sin(:c2)dx> to formulas that do not

include z. | 2¢sin(¢?) | and | 2¢ sin(¢*)

5
5

210. Given that/ln(x) de =zIn(z) — 2+ C, evaluate/ In(x) dz.
1

=e’In(e’) —e® — (In(1) — 1) =5e®> — e’ — (—1) =

r=1

Substitution: / Flu(z)) - o/ (z) do = / F(u) du

xln(z) — x

211. (a) Re—write/m dz as/... du using the substitution u = 622 — 5.

1
du = 12z dx, so rdx = % du and the integral is /m du |.
U

(b) Find / ﬁ dz. (Your final answer should not have u at all.)
'T J—

24(622 — 5)?




212. (a) Re—write/:r;3 sin(z?) dz as/... du using the substitution u = z*. /}L sin(u) du

(b) Fmd/x sin(z*) dz = _}l cos(z!) + C

2

213. (a) Re—write/x sin(z*) dz as/... du using the substitution u = x. /l sin(u?) du

¥¢(b) Find [ 2 sin(x*) dz There is literally no “elementary” formula for this. You
might see \/7/8S(z%y/2/m) in some sources, but this is just re-writing the
integral usmg a spemal short-hand for this “Fresnel” integral.

4_ .3
|
214. Find/ e iU 53:4x— 202 73 dz using substitution. = |5 In(42° — 52* — 20z + 3) + C

215. Find / cot(z)dz = / C?S(@ dz using substitution.

sin(z)
With u = sin(z), du = cos(z)dz, so
cos(x) dx du :
—_— = =In|u|+ C =|In|sin(z)| + C
sin(x) u
Technically the “C” could actually be a piecewise function that is constant
on each interval where In|sin(z)| is continuous. But it is common to just
write “4+C"” anyway.

4 2
-2
216. Which of the following has the same value as / 5z dx 7
o In(z3 —2x+1)

<A)/:71n2u> du <B>/241n2u> du <C>/1:61n2u> du <D)/121n<1u> du

Using the substitution u = 23 — 22 + 1, we have du = (32? — 2) dx, so
(32? —=2)dz  du
In(23 — 2z +1) In(u)’

The values 2 and 4 are z-values, so these change when we write / . du.

When z =2, u=2%—2(2)+1=5. When z =4, u =43 —2(4) + 1 =57. |(A)

217. Find the following integrals using substitution:
(a)/(5 — ) dz :/—umdu =Zu'+C=|Z26G-2)"'+C

using u = 5 — x, so du:—dx.

(b)/1 —(6x2 —5): dx
1

. X _ w3 —1 u2 _
Indeﬁmte./m dx —/ 12 du = + C= m + C
using u = 622 — 5, so du = 12z dx. Then the definite integral is

/3 T4 -1 "7 [ 100
1 (622 —5)3 24(622 —5)?| _, 2401




Alternatively, when x = 1,u = 6(1)>~5 = 1 and when z = 3,u = 6(3)?—5 =
49, so this is

/49 Lu—3 du — -1 u=49 _ ﬂ
, 24u2| | 2401

(c)/\/4x+3dx z/iul/Qdu:%u?’/Q—l—C: %(41’—1—3)3/24—0
using v = 4x + 3, so du = 4dx.

(d) /0 VT sin(a?) da

Indefinite: /x sin(z?) dz :/l sin(u) du = S cos(u) + C = L cos(z?) + C

2 2

using u = 22, so du = 2xdz. Then the definite integral is
z=y/7

=3y -3=[
Alternatively, when x = 0,u = 0 and when x = \/7,u = 7, so this is

/0 L sin(u) du = St cos(u)

N
/ zsin(z?) dz = St cos(z?)
0

=0

=31 -3 =

u=0

5 )
(e)/4x+9dx— Z—lln(4x—|—9)+0

5%4 )

5 )
W (g) /m dz = = arctan(3z) 4+ C

(h) /M dz :/sin(u) du = —cos(u) + C' =|—cos(In(z)) + C

T
using v = In(z), so du = < da.

*(i)/09\/4— Vzdz

u=4—/r gives du = % dz. There is no “; NG in the original integral,
but dz = —2y/xdu and /zr =4 — u, so de = —2(4 — u) du = (2u — 8) du.

Hhs /\/4—7‘“ :/\/E(Qu —8)du =/(2u3/2 — 8u'/?) du

— 4,52 _ %u?’/Q e

5

= (—68) B (—125> [188
o V15 15/ |15

The definite integral is
(%(4 B x1/2)5/2 - 1_36(4 B $1/2)3/2>
or, with4 —v0=4and 4 — 9 =1,

u—1
<4u5/2 _ mu3/2> _ <__68> _ (ﬂ) _E
5 3 - 15 15 15




(j) /:U3 cos(2x*) dx —/— cos(u) du = Lsin(u) + C =|Lsin(2z*) + C

using u = 22, so du = 823 dx.

(k) /et5t4dt :/e“%du =let o=t +C
using u = t°, so du = 5t*dt.

[, [(6D

T 15
(m) /xln / du = In(u) + C = |In(In(z)) + C
usmgu-ln (), so du = < duz.

/2
(n)/o sin(x) cos(z) dz = E

. 4 o —1 5
(0) /sm(l —z)(2 —cos(l —z))*dx = ?(2 —cos(l—x))°+C

(p) /(1 — 1) cos(v — In(v)) dv =|sin(v — In(v)) + C

t
———dt =|FV1-42+C
o [ oo -EVEE
w/3 3
(r)/ (3sin(iz) + 5cos(z)) dz =|6 — g
0
etan(x)
—  _dx = tan(z) C
(S)/cos(x)2 T =|e +
a2+l 1 5 1
(t)/1 e 3 In(2® + 37) = 5 In(35)

16 10 1
218. If [ f(x)dx =1, calculate [ f(2*)xdr =
9 3

219. If [ f(z)dz = 19, calculate each of the following or say that there is not enough

0
information to possibly do the calculation.

a)/ f(@®) 52t de =[19] (b)/o f(@®)ztde = %

f(Ea°) z* da ’not enough info‘
f(WVz

) 4z = [38]

of
|5
/ f(sin()) cos(x) dz | not enough info |
of

f(sin(5x)) cos(Fx) dr = 58
m




