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Warm-up:

Subtraction, dot product,
perpendicular vectors.
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A direction vector for a line is a vector that is parallel to the line.

If we know

@ a pointon aline L and ¥ means [
@ a direction vector for a line L,

then there is exactly one line L that fits both of these.
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The line through the point " with direction vector
has equation
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| In 2D or 3D!
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A direction vector for a line is a vector that is parallel to the line.

If we know

@ a pointon aline L and ¥ means [
@ a direction vector for a line L,

then there is exactly one line L that fits both of these.
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The line through the point " with direction vector
has equation
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The line in 2D through the point (x;, y,) with direction
vector d = |a, b] has parametric equations
X =Xyt at

y=y,+ bt

The line in 3D through the point (x,, ¥y, Zg) With direction
vector d = la, b, c| has parametric equations

X =Xyt at

y =Yy, + bt .

Z=Zytcl



Give an equation for the line L, that goes through the point (6, 2, 1) and
Is parallel to the line

L, iax = 480 paileq et — ) = |,

The direction vector for L; is [2,4,-1] (because bthis is what is
mu&ipi.ied bv E). That vector is Par&ti.ei. to L, and we want L
to be Faratiel to Lz, so we wank [2,4,-1] to be paraimt to L1

el R e

Line through point p~ with direction vector d has
equation7 = p +1td.




Plawnes

It is possible to make parametric equations for planes, but it requires two
parameters.

1 3
o Example: The plane through (—2, 7, 6) parallel to both l4l and [3]

has parametric equations 10 7
X -2 | 3
et o= i+l 4] +5 Lt
< 6 10 i

which we can also write as
XxX=—241r+ 3s
y=T7T+4t+3s .

z=64+10r+7s



Plawnes

It is possible to make parametric equations for planes, but it requires two
parameters.

However, an equation with only x, y, zZ (no 7 or §) will actually be simpler.



Planes

A normal vector for a plane is a vector that is perpendicular to the plane.

If we know

@ a point on a plane P and

@ a normal vector for a plane P,

then there is exactly one plane P that fits both of these.



The plane through (0,0,0) with normal vector [3, 1, 5] looks like




Is (-1, 2, 8) is on the plane through the origin with normal vector [3, 1, 5]?

IF the point (—1, 2, 8) is on the plane through (0,0,0) with normal
vector [3, 1, 5] then

o the arrow from (0,0,0) to (-1, 2, 8) is perpendicular to [3, 1, 5].
o the vector [—I1, 2, 8] is perpendicular to [3, 1, 5].

o the dot product [3, 1,5] - [—1, 2, 8] equals O.

o 3(—1)+12)+5(8) =0.

o 39 =0.

So we know that (-1, 2, 8) is not on this plane.



IF the point (4, —'7, —1) is on the plane through (0,0,0) with normal
vector [3, 1, 5] then

o the arrow from (0,0,0) to (4, —"7, —1) is perpendicular to [3, 1, 5].
o the vector [4, —7, — 1] is perpendicular to [3, 1, 5].

o the dot product [3,1,5] - [4, =77, —1] equals O.

o 34+ 1(-7)+5(—-1)=0.

o 0=0.

So we know that (4, —7, — 1) is on this plane.



If the point (X, v, z) is on the plane through (0,0,0) with normal

vector [3, 1, 5] then

o the arrow from (0,0,0) to (x, y, 2) is perpendicular to [3, 1, 3].

o the vector [x, v, z] is perpendicular to |3, 1, 3].

o the dot product [3, 1, 5] - [x, v, z] equals O.

o 3x+y+35z=0. . A
r means | Y

So“3x + y+ 5z = 07”is the equation for the plane 7

through the origin normal to [3, 1, 5]

The plane in 3D through (0, 0, 0) with normal vector 7’
has equation




What if the plane does not go through (0, 0, 0)?

s (=9, 8,2) is on the plane through (4, 1, 1) with » = [3, 1, 5]?
IF it is, then

o the arrow from (4, 1, 1) to (=9, 8, 2) is perpendicular to [3, 1, 5].
o the vector ([—9, 8,2] — [4, 1, 1]) is perpendicular to [3, 1, 5].

o the dot product [3, 1, 3] - ([—9, 8,2] —[4, 1, 1]) equals 0.

o 3(-9 —-4H+18 —-1)+52 - 1)=0.



What if the plane does not go through (0, 0, 0)?

s (—9, 8, 2) is on the plane through (4, 1, 1) with » = [3, 1, 5]?
IF it is, then

o the arrow from (4,1, 1) to (—9, 8, 2) is perpendicular to [3, 1, 5].
o the vector ([—9, 3,21 — 14, 1, 1]) is perpendicular to [3, 1, 5].

o the dot product [3, 1, 3] - ([—9, 3,21 — 14, 1, 1]) equals 0.

o 3(—-9 —-4H+18 - 1)+52 —-1)=0.



What if the plane does not go through (0, 0, 0)?

s (x, y, 2) is on the plane through (4, 1, 1) with m = [3, 1, 5]?
IF it is, then

o the arrow from (4, 1, 1) to (x, v, 2) is perpendicular to [3, 1, 5].
> the vector ([x, y,z] = [4, 1, 1]) is perpendicular to [3, 1, 5].

o the dot product [3, 1, 3] - ([x, v, z] — 4,1, 1]) equals 0.

o 3x —4dH+1y—-1D+5(z-1)=0.



Planes

A normal vector for a plane is a vector that is perpendicular to the plane.

nform has equation

T (F-7)=0

AP The plane through point (X, v, Z) with normal vector

la, b, c| has equation
oW
ﬂf | a(x —xy) + b(y —yy) + c(z —zy) = 0.




Give an equation without vectors for the plane
through (12,4, —3) normal to [—2, 8, 8].

.....2 4
With vectors, A B B S0
Y v-d

Wp%hmu& vectors,

t =2(x - 12) + 3'(3 -4 + g2 + 3) =
=X + ¥y + ¥z = -1&

; T Ay - a4z = F




Give an equation for the plane through the origin perpendicular to the line

—2 4+ 10¢
. O+t
—4 — 2t

The direction vector for the line is [10,1,-2].

That vector is parallel to the Line, and the line is
erpemdwutar to our plane, so we can use
10,1,-2] as the normal vector for our plane.




If we wanted anequation x4+ y+4+ 7z = __ forthe plane through
(—2,77,6) parallel to both [1,4, 10] and [3, 3, 7], we would need

e a point on the plane wuse (-—-»2,, 7, @)
s anormal vector for the plane.  ¢¢
o This vector will be perpendicular to both [1,4, 10] and [3, 3, 7].



Cross pruc&u&

For 3D vectors only, the cross product of @ and b, written @ X b, is
the vector that is

—

® perpendicular to both ‘@ and b and
® has length ‘E" ‘ b ‘sin(angle between @ and b ) and ey

o follows the “Right-Hand Rule”.
The formula is ugly:

a, b, ayb3—azb,



This slide intentionally blank.



ar combinakions

A linear combination of some vectors is any sum of scalar multiples of
those vectors.

Line

o In symbols, u is a linear combination of v and W if

—

u=sv+tw
for some numbers s, 7.

> For more vectors, u is a linear combination of V{,v,, ...,V

—

7 = slvl —+ S2V2 Tl SnVn

for some numbers s¢,...,S,.



ar combinakions

A linear combination of some vectors is any sum of scalar multiples of
those vectors.

o In symbols, u is a linear combination of v and W if

—

u=sv+tw
for some numbers s, 7.

. 5 | e . 35, 0
Example 1: Write as a linear combination of v; = and v, = ;
1 o 5 & g T
s l 4_] + k l?] = l 45*?&] For this ko equ&i lZ 4] we heed s = 8,

Then 4(8) + ¥t = 24, so ¥t = 4, so t = 1/2.




Example 2: [254] cannot be written as a linear combination of v, = [ﬂ
and v, = llzol . Why?

Using equations:

R HE e B

A o 5 SYel. d Ve AQULT e — d ety
Fo 9@% ”[1]“[2, , ul q L =1 aia

at the same, which is impossible.
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The “span” of v and w is the
set of all their linear combinations.

Let a and b vary
over all real numbers
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S pan
The span of some vectors is the collection of all linear combinations of
the vectors.

o For two vectors,
span(V, W) = {sV + W : 5,r € R}

Earlier we saw that l 254] cannot be written as a linear combination of

S 10 al . D 10},
[1] and [zl.We can say [24] IS not in the span of L] and [2]



Spam
The span of some vectors is the collection of all linear combinations of
the vectors.
o For two vectors,
span( v, w) = {S7 +tw : §,tE IR}
Is usually a plane, but it might be a line or just the origin.
o For three vectors, what shape Is

—_— — —>

span(u, v, w) = {r7+s7+tW i R}?

o If u, ... are 2D vectors, this can still be only a point, line, or plane.
o If u,...are 3D vectors, this can be a point, line, plane, or 3D space.



